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ZKHUH� + ± HQWURS\� RI� VXEMHFWLYH� SUHIHUHQFHV� RI� � 1 ± QXPEHU� RI� WKH�
DFKLHYDEOH�DOWHUQDWLYHV�RI� � � �L ± IXQFWLRQ�RI�VXEMHFWLYH�SUHIHUHQFHV�� L ± LWK�
DOWHUQDWLYH�� D6 ± VHW�RI� WKH�DFKLHYDEOH�DOWHUQDWLYHV�� � ± DOWHUQDWLYH�RI� WKH� LQLWLDO�
VWDWH�RI�WKH�DFWLYH�V\VWHP�DVVHVVLQJ�WKH�RSHUDWLRQDO�SUREOHP�UHVRXUFH�VLWXDWLRQ��DV�WKH�VXEMHFWLYH�HQWURS\�RI�LQGLYLGXDO�SUHIHUHQFHV��,W�LV�REYLRXVO\��WKH�XQFHUWDLQW\�PHDVXUH�LQ�WKH�IRUP�RI�����EHLQJ�HYHU\ZKHUH�D SRVLWLYH� YDOXH�� DV� ZHOO� DV� WKH� IXQFWLRQV� RI� SUHIHUHQFHV� WKHPVHOYHV�� GRHV� QRW�LOOXVWUDWH� DQ\WKLQJ� H[FHSW� WKH� PHUH� IDFW� RI� FHUWDLQW\�XQFHUWDLQW\� ZLWK� VRPH�PDJQLWXGH�RI�WKRVH�YDOXHV�DORQH��7KHQ�� LQ�RUGHU� WR� LQGLFDWH� WKH� ULJKW� RU�ZURQJ� LQWHQVLRQV� DQG�GHVLUHV�RI� WKH�V\VWHP�DFWLYH� HOHPHQW��ZH�PLJKW�SUHVFULEH� MXVW� D�SRVLWLYH�RU�QHJDWLYH�VLJQ� WR�KLV�
VXEMHFWLYH� SUHIHUHQFHV� IRU� SRVLWLYH� �

M DQG� QHJDWLYH� �
N DOWHUQDWLYHV�

FRUUHVSRQGLQJO\��KHQFH�REWDLQLQJ�
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ZKHUH� 0 ± QXPEHU�RI�SRVLWLYH�DOWHUQDWLYHV�� / ± QXPEHU�RI�QHJDWLYH�DOWHUQDWLYHV�FRUUHVSRQGLQJO\��
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,Q� WKH� FDVH� RI� ���� LPSO\LQJ� ����� ZH� QHHG� LQHYLWDEO\� VRPH� DGGLWLRQDO� H[WUD�UHVHDUFKHV�EHFDXVH� WKH�VLJQ�RI� WKH�SVHXGR�HQWURS\�GRHV�QRW�QHFHVVDULO\� VKRZ� WKH�ULJKWHRXVQHVV�RI�WKH�VXEMHFWLYH�SUHIHUHQFHV��LWV�PDJQLWXGH�GRHV�QRW�PRQRWRQRXVO\�FRUUHODWH�ZLWK�WKH�HQWURS\������0RUHRYHU��WKH�]HUR�SRLQW�RI�WKH�SVHXGR�HQWURS\�����PD\�EH�RI�WKH�WZR�NLQGV��QDPHO\��WKH�ILUVW�±�WKH�DEVROXWH�RU�FRPSOHWH�FHUWDLQW\�IRU�D�VLQJXODU�GLVWULEXWLRQ�RI�WKH�JLYHQ�VXEMHFWLYH�SUHIHUHQFHV��WKH�VHFRQG�±�WKH�SRVLWLYH�HQWURS\�PHPEHU�VLPSO\�HTXDOV�WKH�QHJDWLYH�RQH��L�H��
� � � � � � � �¦¦ ��

/

 N
NN

0

M 

�
M

�
M  

��

OQOQ � ����
0DQLSXODWLQJ�ZLWK�WKH�QHJDWLYH�VLJQ�IRU�WKH�HQWLUH�YDOXHV�RI�����������ZH�PD\�UHIOHFW� WKH� GHVLUHG� GLUHFWLRQ� RI� SUHIHUHQFHV� EXW� FDUGLQDOO\� JDLQLQJ� QR� FOHDUQHVV�FRQFHUQLQJ�WKH�SULQFLSOH�RI�JRRG�EDG�FHUWDLQW\�XQFHUWDLQW\��



� ������������

7KH�VDPH�WR�WKH�PRGLILFDWLRQV�RI�WKH�HQWURS\�����WR�WKH�UDWLRQV�RI�
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7KH� SUREOHP� VROXWLRQ�� 7KXV�� WKH� SUHIHUHQFHV� SUHYDLOLQJ�GRPLQDWLQJ�IDFWRU�LQGH[�RI������LQWURGXFHG�DERYH�LQWR�WKH�H[SUHVVLRQV�RI���������FRQWDLQV�WKH�QHFHVVDU\�TXDOLW\�RI�WKH�SRVLWLYH�RU�QHJDWLYH�LQWHQWLRQV�RI�WKH�V\VWHP¶V�VXEMHFW��EXW�KDV�D�GLVWRUWLRQ�LQIOXHQFH�XSRQ�WKH�UHODWLYH�HQWURS\�PHDVXUHV��,Q�RUGHU�WR�DYRLG�WKLV�GLVWXUEDQFH�ZH�XVH�WKH�UHODWLYH�VXEMHFWLYH�SUHIHUHQFHV�GRPLQDWLRQ�IDFWRU�
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7KHQ�� WKH� UHODWLYH�SUHYDLOLQJ� LQGH[�RI� ����� LV�XVHG� LQ� WKH�K\EULG�FRPSRVHG�SVHXGR�HQWURS\�IXQFWLRQV�RI�VXEMHFWLYH�SUHIHUHQFHV�
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7KH�PHDVXUH�RI�FHUWDLQW\�RI� �����KDV� WKH�VLJQ�RI� WKH�SUHYDLOLQJ�SUHIHUHQFHV�DQG� YDULHV� ZLWKLQ� WKH� ZDQWHG� GLDSDVRQ� IURP� ±� ��� ZKLFK� PHDQV� WKH� QHJDWLYH�FHUWDLQW\�� XS� WR� ��±� WKH�SRVLWLYH� FHUWDLQW\��7KH� FHUWDLQW\�PHDVXUH�RI� �����KDV� WKH�]HURWK�YDOXH�DV�WKH�SRLQW�RI�XQFHUWDLQW\��$FFRUGLQJO\�WR�WKH�K\EULG�PRGHO�RI�������WKH�XQFHUWDLQW\�RI�WKH�ILUVW�NLQG�LV�ZKHQ�WKH�HQWURS\�RI�VXEMHFWLYH�SUHIHUHQFHV�KDV�WKH�PD[LPDO� YDOXH�RI� ������7KH�XQFHUWDLQW\� RI� WKH� VHFRQG�NLQG� LV�ZKHQ� WKH� WRWDO�SRVLWLYH�VXEMHFWLYH�SUHIHUHQFHV�HTXDO�WKH�WRWDO�QHJDWLYH�RQHV��OLNH�IRU�WKH�]HUR�YDOXH�RI� WKH� IRUPXOD�RI� ������ ,Q� LWV� WXUQ�� WKH� ]HUR�YDOXH�RI� WKH�SUHYDLOLQJ� LQGH[�RI� �����EUHDNV�WKH�UHODWLYH�VXEMHFWLYH�SUHIHUHQFHV�GRPLQDWLRQ�LQGH[�RI�������DQG��WKHUHIRUH��WKH�K\EULG� IXQFWLRQV�RI� �����������DQG�WKH�EUHDNDJH�� LQ� LWV� WXUQ��FDQ�DOVR�EH�RI� LWV�RZQ�ILUVW�DQG�VHFRQG�NLQG��7KH�H[SUHVVLRQ�RI������OLNH������LV�WKH�PHDVXUH�RI�XQFHUWDLQW\��,WV�YDOXH�KDV�WKH�QHFHVVDU\�VLJQ��EXW�WKH�YDOXH�RI�LW�GHSLFWV�WKH�XQFHUWDLQW\�DORQH��ZKLFK�PDNHV�LW�XQFOHDU�ZKHWKHU� LW� LV�D� ULJKW�RU�ZURQJ�VLWXDWLRQ�ZKHQ� WKH�K\EULG� IXQFWLRQ�RI� �����KDV�WKH�]HURWK�YDOXH�RI�WKH�ILUVW�NLQG��7KH�]HURWK�YDOXH�RI�WKH�VHFRQG�NLQG�GRHV�QRW�PHDQ� FHUWDLQW\�� EXW� WKH� VHFRQG� NLQG� RI� XQFHUWDLQW\�� OLNH� IRU� WKH� K\EULG� PRGHO����������������RI�������3UDFWLFDO� DSSOLFDWLRQ� RI� WKH� SUREOHP� VROXWLRQ�� /HW� XV� FRQVLGHU�� IRU�H[DPSOH�� D� PXOWL�DOWHUQDWLYH� RSHUDWLRQDO� VLWXDWLRQ� ZKHQ� WKH� RSHUDWRUV� QHJOHFWLQJ�WKHLU� GXWLHV� DUH� GRLQJ� VRPHWKLQJ� HOVH� RU�ZKDWHYHU� WKH\�ZDQW��)RU� LQVWDQFH�� UDGLR�RSHUDWRUV�RI�WKH�5R\DO�0DLO�6KLS�7LWDQLFª�KDG�EHHQ�ZDUQHG�VHYHUDO�WLPHV�WKURXJK�WKH�ZLUHOHVV�DERXW�IORDWLQJ�LFHEHUJV�DOO�DURXQG��EXW�WKH\�LJQRUHG�HYHQ�UHSRUWLQJ�WKDW�FUXFLDO� LQIRUPDWLRQ� WR� WKH� QDYLJDWLRQ� EULGJH�� SUHIHUULQJ� WUDQVPLWWLQJ� UDGLRJUDPV�DQG�EHLQJ�WLSSHG��7KH�RIILFHUV�RQ�GXW\�LJQRUHG�JLYLQJ�ELQRFXODUV�WR�VDLORUV�WR�ZDWFK�WKH� VHD� FDUHIXOO\�� 7KH� IDWDO� UHVXOWV� RI� WKDW� DUH� ZHOO� NQRZQ�� 7KH� VDPH� QRWRULRXV�©KXPDQ� IDFWRUª� LQ� SUHVHQW�GD\V� VRPHWLPHV� OHDGV� WR� WKH� VLPLODU� FRQVHTXHQFHV�� ,Q������� LQ� WKH�PRGHUQ�HOHFWURQLFDOO\�FRQWUROOHG�0(�� LQ� WKH�HOHFWURK\GUDXOLF�FRQWURO�V\VWHP�� WKH� IRXU� VHQVRUV�ZHQW� RXW� RI� RUGHU� RQH� E\� RQH��(QJLQHHUV� GHFLGHG�� WKXV��VWHS�E\�VWHS�SUHIHUUHG�WR�LJQRUH�WKH�DEVHQFH�RI�WKH�VHQVRUV��DQG�RQ�-XO\�����WKH�0(�RI�RQH�RI� WKH�ZRUOG¶V� ODUJHVW� FRQWDLQHU� FDUULHU�©6DYDQQDK�([SUHVVª� IDLOHG�GXULQJ�PDQHXYHULQJ�DW�6RXWKDPSWRQ��7KHUH�ZDV�D�VHULRXV�GDPDJH��2QH�PRUH�H[DPSOH�LV�WKH� DLUFUDVK�RI� WKH�3ROLVK�JRYHUQPHQW� DLUFUDIW�DW�6PROHQVN� LQ�$SULO�������$� IHZ�WLPHV�WKH�FDSWDLQ�ZDV�ZDUQHG�DERXW�GHQVH�IRJ��EXW�HDFK�WLPH�KH�QHJOHFWHG�WKH�ULVN�RI�ODQGLQJ�DW�6PROHQVN�DQG�UHFRPPHQGDWLRQV�WR�ODQG�DW�WKH�RWKHU�DLUSRUW��WKXV�HDFK�WLPH�KH�SUHIHUUHG�ZURQJ��/HW�WKH�GLVWULEXWLRQ�RI�DFWXDO�VXEMHFWLYH�SUHIHUHQFHV�DW�VRPH�PRPHQW�LQ�WLPH�ZRXOG�KDYH�EHHQ�
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LD  �������� WD  ������� �D  ������ �����
ZKHUH� LD ± SUHIHUHQFH� RI� ULJKW�� WD ± ZURQJ�� �D ± QHXWUDO� DOWHUQDWLYH�
FRUUHVSRQGLQJO\��7KH�QRUPDOL]LQJ�FRQGLWLRQ�

�LD �WD �D  ��� �����
7KH�DFWXDO�HQWURS\�RI�WKH�VXEMHFWLYH�SUHIHUHQFHV�����DQG�PD[LPDO�HQWURS\�RI������DUH�FRUUHVSRQGLQJO\�

D+  ��������� OQ�PD[  +  ������� �����
/HW� WKH� QHHGHG� GLVWULEXWLRQ� DQG� FRUUHVSRQGLQJ� HQWURS\� RI� VXEMHFWLYH�SUHIHUHQFHV�

LQ  ��������� WQ  ���������� �
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6XSSRVH� WKH� UHTXLUHG� GLVWULEXWLRQ� RI� VXEMHFWLYH� SUHIHUHQFHV� DQG�FRUUHVSRQGLQJ�HQWURS\�
LU  ������� WU  ������� �U  ������� U+  ������� �����

7KHVH�YDOXHV�DIWHU�WKH�ILUVW�ZDUQLQJ�
�LS  ������� �WS  ��������� �S�  ��������� S�+  ������� �����

$IWHU�WKH�VHFRQG�ZDUQLQJ�
�LS  ������� �WS  �������� �S�  �������� S�+  ������� �����

$IWHU�WKH�WKLUG�ZDUQLQJ�
�LS  ��������� �WS  �������� �S�  ��������� S�+  ������� �����

$IWHU�WKH�IRXUWK�ZDUQLQJ�
�LS  ���������� �WS  ��������� �

�S� ����� �� � S�+  ������� �����
7KH� V\VWHP� LV� JUDGXDOO\� JHWWLQJ� FHUWDLQ� WR� WKH� ZURQJ� DOWHUQDWLYH�� L�H��SUHIHUULQJ�QHJDWLYH��EXW�WKH�VXEMHFWLYH�HQWURS\�JHWWLQJ�FORVHU�WR�]HUR�GRHV�QRW�VKRZ�WKDW�� $SSO\LQJ� WKH� K\EULG� PRGHO� RI� WKH� SVHXGR�HQWURS\� RI� ����� ZH� REWDLQ� WKH�UHVXOW�VKRZQ�LQ�WKH�ILJ�����7KH� UHVHDUFKHV� UHVXOWV�� ,I� WKH� GLVWULEXWLRQV� RI� VXEMHFWLYH� SUHIHUHQFHV� DUH�JLYHQ�LQ�WKH�FDQRQLFDO�IRUP�>���3��������������������������@�
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ZKHUH� [ ± LQGHSHQGHQW� YDULDEOH� DVVRFLDWHG� ZLWK� HDFK� DOWHUQDWLYH�� ± VWUXFWXUDO�SDUDPHWHU��ZKLFK�FDQ�EH�FRQVLGHUHG�LQ�GLIIHUHQW�VLWXDWLRQV�DV�/DJUDQJH�FRHIILFLHQW��ZHLJKW�FRHIILFLHQW�RU�HQGRJHQLFDO�SDUDPHWHU�WKDW�UHIOHFWV�FHUWDLQ�SV\FKLF�SURSHUWLHV�
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>��� 3�����@�� L) ± HIILFLHQF\� IXQFWLRQ�� WKHQ� IRU� D� FDVH� ZLWK� WZR� DOWHUQDWLYHV�� WKH�
PDWKHPDWLFDO�PRGHOLQJ�JLYHV�WKH�IROORZLQJ�UHVXOWV��+DYLQJ�WKH�IXQFWLRQV�RI�VXEMHFWLYH�SUHIHUHQFHV��OHW�XV�VD\��LQ�WKH�YLHZ�RI�
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ZKHUH� ± PXOWLSOLHU�FRHIILFLHQW�IRU�WKH�VHFRQG�DOWHUQDWLYH�HIILFLHQF\�IXQFWLRQ��ZLWK�WKH�YDOXHV�RI�WKH�FRHIILFLHQWV�DQG�PD[LPDO�HQWURS\�
 �������  �������� OQ�PD[  +  ������� �����

WKH�UHVXOWV�RI�PRGHOLQJ�DUH�UHSUHVHQWHG�LQ�WKH�ILJ�����

�
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,Q�FDVH�RI�WKUHH�DFKLHYDEOH�DOWHUQDWLYHV��WKH�PDWKHPDWLFDO�PRGHOLQJ�JLYHV�WKH�IROORZLQJ�UHVXOWV��6XSSRVHGO\��IXQFWLRQV�RI�VXEMHFWLYH�SUHIHUHQFHV�
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ZKHUH� ± PXOWLSOLHU�FRHIILFLHQW�IRU�WKH�WKLUG�DOWHUQDWLYH�HIILFLHQF\�IXQFWLRQ��
7KH�YDOXH�RI�WKH� FRHIILFLHQW�

 ������� �����
7KH� UHVW�RI� WKH� FRHIILFLHQWV� DUH� WKH� VDPH� DQG� WKH�PD[LPDO� HQWURS\�KDV� WKH�PDJQLWXGH�FDOFXODWHG�DERYH�LQ�WKH�H[SUHVVLRQ�RI�������7KH�UHVXOWV�RI�PRGHOLQJ�DUH�UHSUHVHQWHG�LQ�WKH�ILJ�����
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)LJXUH���±�3VHXGR�HQWURS\�YDU\LQJ�LQ�WKH�LQWHUYDO�RI�>±��«��@�DQG�RWKHU�SDUDPHWHUV�IRU�FDQRQLFDO�GLVWULEXWLRQ�RI�VXEMHFWLYH�SUHIHUHQFHV�LQ�FDVH�RI�WZR�DOWHUQDWLYHV�
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)LJXUH���±�3VHXGR�HQWURS\�YDU\LQJ�LQ�WKH�LQWHUYDO�RI�>±��«��@�DQG�RWKHU�SDUDPHWHUV�IRU�FDQRQLFDO�GLVWULEXWLRQ�RI�VXEMHFWLYH�SUHIHUHQFHV�LQ�FDVH�RI�WKUHH�DOWHUQDWLYHV�
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&RQFOXVLRQV��$FFRUGLQJO\�WR�WKH�SHFXOLDULWLHV�DQG�PHHWLQJ�WKH�UHTXLUHPHQWV�RI�D�VSHFLILF�SUREOHP��WKH�VXJJHVWHG�K\EULG�PRGHOV�RI�FRPELQHG�SVHXGR�HQWURS\�RI�VXEMHFWLYH�SUHIHUHQFHV�LQ�WKH�YLHZ�RI�WKH�H[SUHVVLRQ�RI�������YDU\LQJ�LQ�WKH�LQWHUYDO�RI�>±��«��@��VXLW�LQ�WKH�EHVW�ZD\��3ULQFLSDOO\�� WKH� YDVW�PDMRULW\� RI� DOWHUQDWLYHV� LQ� D� FHUWDLQ� SUREOHP�UHVRXUFH�VLWXDWLRQ� FDQ� EH� GLYLGHG� LQWR� WZR� RU� WKUHH� JURXSV��1DPHO\�� IRU� SUREOHP� VHWWLQJV�ZLWK� WKH� WZR�PDLQ�JURXSV�RI�DFKLHYDEOH�DOWHUQDWLYHV�� ULJKW�DQG�ZURQJ��DQG� LQ� WKH�FDVH� ZLWK� WKH� WKUHH�� ULJKW�� ZURQJ�� DQG� QHXWUDO�� 7KHQ�� WKHUH� DUH� DSSOLFDEOH� WKH�PHWKRGV� RI� �������� 7KH� PDWKHPDWLFDO� PRGHOLQJ� RI� ��������� DOVR� WKH� UHVXOWV�LOOXVWUDWHG� LQ� ILJ������� GHPRQVWUDWH� WKH� DGYDQWDJHV� RI� WKH� VXJJHVWHG� XQFHUWDLQW\�PHDVXUH�� WKH� SVHXGR�HQWURS\� IXQFWLRQ� ������ FRPSDUDWLYHO\� ZLWK� WKH� WUDGLWLRQDO�HQWURS\�RI�WKH�%ROW]PDQQ¶V�RU�6KDQQRQ¶V�W\SH��WKH�H[DPSOH�RI����������3URVSHFWV� RI� IXUWKHU� UHVHDUFKHV�� $IWHU� GHWHUPLQDWLRQ� WKH� SRVLWLYH� DQG�QHJDWLYH� FHUWDLQW\�XQFHUWDLQW\�� WKHUH� FDQ� EH� FRQGXFWHG� IXUWKHU� UHVHDUFKHV� LQ� WKH�HDFK�RI�WKH�VHSDUDWH�VXEGLYLVLRQV��$SSO\LQJ�WKH�HQWURS\�DSSURDFK��LW�LV�D�NLQG�RI�D�VFLHQWLILF� LQWHUHVW� WR� LQYHVWLJDWH� WKH� YDOXH� RI� WKH� VXEMHFWLYH� LQIRUPDWLRQ� EHKDYLRU�DQG� SRVWXODWHG� LQ� WKH� VXEMHFWLYH� DQDO\VLV� YDULDWLRQ� SULQFLSOH� ZLWK� WKH� IXQFWLRQDO�K\EULG�PRGHOV�WKDW�LQYROYHV�WKH�WKUHVKROG�HQWURS\��.DV\DQLDQ�RI�DQ�DFWLYH�V\VWHP��DQG�%D\HVLDQ�ULVN�DW�PDNLQJ�GHFLVLRQV��
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